An analytical model is presented that can account for both electrical and hot and cold thermal contact resistances when calculating the efficiency of a thermoelectric generator. The model is compared to a numerical model of a thermoelectric leg, for 16 different thermoelectric materials, as well as the analytical models of Ebling et. al. (2010) and Min & Rowe (1992) . The model presented here is shown to accurately calculate the efficiency for all systems and all contact resistances considered, with an average difference in efficiency between the numerical model and the analytical model of −0.07 ± 0.35 pp. This makes the model more accurate than previously published models. The maximum absolute difference in efficiency between the analytical model and the numerical model is 1.14 pp for all materials and all contact resistances considered.
Introduction
A thermoelectric (TE) generator is limited in efficiency by intrinsic factors, such as material properties, but also by extrinsic factors such as heat loss or contact resistance. It is of equal importance to consider both the intrinsic and extrinsic factors when new scientific or commercial TE devices are designed and constructed. The intrinsic efficiency of a thermoelectric generator is determined by the material properties, through the thermoelectric figure of merit, ZT , which is defined as ZT = α 2 T ρκ where α is the Seebeck coefficient, ρ is the resistivity, κ is the thermal conductivity and T is the absolute temperature.
Regarding the extrinsic factors, the two most important are heat loss and contact resistance. The former has been investigated in some detail in the literature, and can be avoided to a certain degree by proper insulation [1; 2] . The latter factor, contact resistance, consists of two components, namely electrical and thermal contact resistance. Experimentally, especially the manufacture of an electrical contact for thermoelectrics with a low electrical contact resistance has been studied, in order to improve the device efficiency [3; 4; 5; 6; 7] . This is important as e.g. adding electrodes to a single Mg 2 Si leg increased the total leg resistance by a factor of 2-3 [8] . So far metal contacts [9] , titanium disilicide (TiSi 2 ) [10] , transitionmetal silicides [8] , silver-based alloys [11] , antimony (Sb) [12] , Ti foil [13] and Ag and Cu [14] contacts have been tried. Typical values of the specific electrical contact resistance are ∼ 10 −5 Ω cm 2 [9; 12] . However, these experimental studies have not considered the actual influence of the contact resistance on the performance of the TE device, but only sought to minimize the resistance. For the case of a thermal contact resistance, the resistance will lower the temperature span across the device. This will cause a decrease in efficiency, but this decrease will depend on the material properties and is not known analytically.
Numerically, only the influence of electrical contact resistance has been considered, and this only for non-segmented bismuth telluride leg [15; 16; 17] . For segmented legs, the influence of electrical and thermal contact resistance on the efficiency has been investigated numerically [18] , for a wide variety of TE materials. Here, a universal influence of both the electrical and thermal contact resistance on the leg's efficiency was observed when the systems were analyzed in terms of the contribution of the contact resistance to the total resistance of the device.
Here, we consider the influence of a thermal or electrical contact resistance on the efficiency of a single thermoelectric leg, consisting of one material. At present, two analytical models capable of describing the influence of contact resistance on the performance of the thermoelectric device exists. One is the model by Min & Rowe [19; 20; 21] , which considers both an electrical and thermal contact resistance. While this model seems to completely describe the relevant physics for thermoelectric devices, previous work has shown the model to be inaccurate for segmented legs [18] . This has allowed for speculation as to whether the predictions of the Min & Rowe model is accurate for non-segmented legs as well. This will be investigated in this work. The other existing analytical model, by Ebling et. al. [16] , considers only an electrical contact resistance, and has so far not been compared to numerical predictions for a range of thermoelectric materials. Furthermore, this model assumes a change of the ZT value of a material when an electrical contact resistance is present. This seems unphysical, as an external parameter, such as contact resistance, cannot change an internal parameter, such as the material parameter ZT . Finally, both of these existing analytical models are presented without a thorough derivation in their representative publications. This makes it hard to understand the underlying physical assumptions for both models.
Here, we will consider a new analytical model that can account for the influence of contact resistance and accurately calculate the efficiency of a TE leg. The model will be based on clear physical arguments and will be derived in as thorough and clear manner as possible. The model can account for both thermal and electrical contact resistance. This new model will be compared with the existing models using a numerical model as baseline, in order to establish the most accurate analytical model for calculating the performance of a thermoelectric generator.
A model for contact resistance
We consider a setup with constant hot, T h , and cold, T c , side temperature available to the TE leg. This means that the thermal contact resistance will influence only the temperatures that the thermoelectric leg experiences, while the electrical contact resistance will only influence the electrical performance of the leg and not the temperature across the leg. The system considered in shown in Fig. 1 . For a thermal contact resistance, the placement of the contact resistance at either the hot or the cold side of the leg matters, as the thermal contact resistance directly changes the temperature across the leg. Therefore, a thermal contact resistance at the hot and cold sides must be treated separately.
We consider the efficiency, η, defined as
where P is the electrical power produced by the leg at the optimal load resistance, and Q in is the heat flowing into the leg.
Thermal contact resistance
We first consider the influence of thermal contact resistances. Consider a thermal resistance on the hot side of the leg of value R c,T h , and a resistance at the cold side of value R c,T c . In general throughout this work the subscript c or leg denotes the contact or leg resistance, respectively, while e or T denotes the electrical or thermal resistance, respectively. As the heat flux is constant, the system can be considered as a thermal resistance circuit. In this circuit, the following equalities hold:
where R leg,T is thermal resistance of the leg and T h,leg and T c,leg are the actual temperatures experienced by the thermoelectric leg. Solving the set of equations gives the hot and cold side temperatures of the leg as
In these expressions, the fraction of the contact resistance to the leg resistance is seen to be the factor controlling the temperature span across the TE leg. The efficiency of the thermoelectric leg at this new temperature span is then easily calculated using the classical expression for the efficiency of a leg with constant material properties [21] 
Electrical contact resistance
Having established the true temperature span across the thermoelectric leg, the influence of an electrical contact resistance can now be considered. The electrical performance of a thermoelectric leg depends crucially on the electrical resistance external to the leg, i.e. the load resistance. A contact resistance can be considered part of the external electrical resistance, albeit a resistance where the work performed across the resistance cannot be utilized. It matters not if an electrical contact resistance is present on either or both ends of a thermoelectric leg. The electrical contact resistance can be viewed as a single external resistance that influence the thermoelectric leg, regardless of whether it is located at the hot or cold side of the leg, or both. Thus, we consider an electrical circuit with the thermoelectric leg, a contact resistance and a load resistance. The contact resistance is here the sum of the contact resistances on the hot and cold sides of the leg. The power produced by the thermoelectric leg can be written as a sum of the power dissipated over the contact resistance, P c,e and that dissipated over the load resistance, P load , i.e.
where I is the current and R c,e is the electrical contact resistance and R load is the load electrical resistance. We assume that the I/V -curve of the thermoelectric leg is linear, and that the intersections with the axes are at V 0 and I 0 , respectively. Here V 0 is the open circuit voltage and I 0 is the closed circuit current. In this case, the current through the circuit can be written in terms of the resistance and V 0 and I 0 as
At both V 0 and I 0 the efficiency of the thermoelectric leg is zero. In order to operate the leg at maximum efficiency, the optimal load resistance, R load , has to be determined. For the case of no contact resistance, the optimal load resistance is equal to
at which point the power produced is P max =
4 R leg,e , where R leg,e is the electrical resistance of the leg. This is also known as the condition of matched load [21] .
When a contact resistance is present, the point of maximum efficiency can be found by considering only the power dissipated over the load resistance, as this is the only factor contributing to the efficiency, i.e. (8) where I is taken from Eq. (6) . Differentiating this equation with respect to R load and equating it to zero, the load resistance at which the power is maximized is found to be at
Note that the above equation can be used to determine the contact resistance of a given leg, for which the material properties are known. By using a numerical model to find the optimal load resistance (or by simply computing the resistance of the leg, as the condition of matched load is fulfilled), and by comparing with an experimentally determined optimal load resistance, the difference between these two is simply the contact resistance. We can express the open circuit voltage, V 0 , and the closed circuit current, I 0 , in terms of the power produced in the case of no contact resistance, P max , as
Inserting these into the equation for the power dissipated across the load resistance, Eq. (8), we finally get P load = P max R leg,e R c,e + R leg,e = P max 1 1 + δ e (11) where δ e is the fraction of the electrical contact resistance to the leg resistance, δ e = R c,e R leg,e . In order to find the efficiency, we assume that the heat flux entering the thermoelectric leg is constant, regardless of the value of the external electrical resistance. This assumption will be justified subsequently. As the heat flux remains constant, the decrease in efficiency is easily calculated using Eq.
(1). The efficiency is simply decreased by the factor found above, as compared to the optimal efficiency, η opt ,
Thus, in total the efficiency of a thermoelectric leg with thermal contact resistances and electrical contact resistances is
where the hot and cold leg temperatures are given by Eq. (3).
Alternative analytical models
The analytical model derived above can be compared with other existing analytical models of TE legs. As mentioned above, two other analytical models that describe the influence of contact resistance on the performance of the thermoelectric device exist. One model can be constructed by combining the work of Ebling et. al. [16] , with the thermal model presented above, i.e. Eq. (3). In the work of Ebling et. al. [16] , the factor for the electrical contact resistance found in Eq. (12) , is multiplied to the ZT value of the material is order to obtain an effective ZT at the given electrical contact resistance, instead of multiplying it directly to the efficiency.
Another model is the expression for the efficiency of a thermoelectric leg, in the presence of both an electrical and thermal contact resistance, derived by Min and Rowe [19; 20; 21] . The efficiency is given as
where the subscript nomenclature is as in the rest of this manuscript. 1 . It is an interesting fact that for the case of no contact resistance the expression by Min and Rowe reduces to 1 In the derivation of Eq. (14), we have assumed that there is a typo in the expression given in Ref. [21] , Eq. (11.4). A factor of l c is missing in the last parenthesis in the denominator, i.e. the equation should be (l +nl c )/(l +2rl c ).
which is not identical to the classical expression for the efficiency for a leg with constant material properties [21] ,
As previously mentioned in the introduction, these models differ from the current work in several ways. The model by Min & Rowe [19; 20; 21] , has previously been shown to be inaccurate for segmented legs [18] , which causes speculation as to whether the predictions of this model is also accurate for non-segmented legs. The model of Ebling et. al. [16] assumes a change of the ZT value of a material with contact resistance, which is unphysical.
Application of the model
In order to determine the validity of the developed model, we have computed the efficiency of 16 individual thermoelectric legs of different materials. A numerical Comsol model, which includes all relevant thermoelectric phenomena, is used to calculate the efficiency of the TE leg with varying contact resistances [2] . The model fully accounts for all material parameters, and all as a function of temperature.
For each leg of TE material, the electrical and thermal contact resistance (both hot and cold) were varied independently. The values for the contact resistance were varied as 0%, 5%, 10%, 20%, 30%, 40%, 50%, 60%, 70%, 80%, 90% and 95%, where the values are the fraction of contact resistance of the total combined resistance (R c + R leg ). Thus, three parameters were varied independently; the electrical contact resistance, the thermal contact resistance on the hot side of the leg, and the thermal contact resistance on the cold side of the leg. A total of 1728 simulations were conducted for each thermoelectric leg, for 16 different thermoelectric legs.
TE materials
The materials considered in this study are 8 p-type and 8 n-type TE materials. The specific p-type materials considered are BiSbTe [22] [36] and SiGe [37] . All materials have temperature dependent experimentally measured properties, and the calculated ZT values for the different materials are shown in Fig. 2 . The materials are identical to those considered by Ref. [18] and partly to those considered by Ref. [38] . All material parameters, as a function of temperature, have been obtained from the cited references and are used in the following calculations, but for clarity only ZT is shown in Fig. 2 . The remaining material properties are available from the author upon request, or are of course available from the cited references. In all cases, the load resistance was varied to determine the maximum efficiency. The hot side temperature was taken to be close to the peak ZT temperature. The cold side temperature was kept constant at 20 • C. The geometry of the TE leg matters not, as only the efficiency is considered. The hot side temperature, without contact resistance, and the corresponding efficiency is given in Table 1 .
An assumption of the analytical model presented above is that the heat flux does not vary as a function of the external electrical resistance. We have computed this for the 16 materials considered here. For these, the ratio of the heat flux at The p− and n-type TE legs considered. The maximum efficiency in percent is given, as well as the hot side temperature. The cold side temperature was kept constant at 20 • C. maximum efficiency and the heat flux at closed circuit current is 0.83 ± 0.04. As this is the worst case possible, i.e. an infinite electrical contact resistance, the assumption of constant heat flux is justified. For the analytical model, the Z-value is taken to be the average of the Z-value across the temperature span actually experienced by the leg, i.e. the temperature span given in Eq. (3).
Case study: n-SiGe
As an example, we initially consider the case of n-type SiGe. For this material, the hot side temperature is taken to be 900 • C, at which the efficiency is η = 14.05%, in the case of no contact resistances. Shown in Fig. 3 is the computed efficiency and the calculated efficiency from the analytical models, for a case of varying electrical or hot thermal contact resistance. As can be seen from the figure, the prediction of the model presented above (Bjørk) and the model of Ebling et. al. combined with the thermal model from Bjørk agree well with the computed efficiency. The model of Min & Rowe is seen to predict a substantially lower efficiency than is actually the case.
As mentioned above, the efficiency is a function of three independent parameters, namely the electrical contact resistance and the two thermal contact resistances. Therefore, the efficiency as function of these cannot easily be visualized. In 
All TE materials
The above analysis has been conducted for all materials given in Table 1 . Shown in Fig. 5 is the average difference between the computed efficiency and the efficiency predicted by the various models, for each material, for all contact resistances. Similar to the conclusion for the specific case of n-type SiGe discussed above, the models of Bjørk and of Ebling et. al. 
Conclusion
An analytical model, capable of calculating the efficiency of a thermoelectric generator with both electrical and hot and cold thermal contact resistances has been presented. The model was compared to a numerical model of a thermoelectric leg, for 16 different thermoelectric materials, as well as to the analytical models of Ebling et. al. and Min & Rowe. The model presented here was shown to correctly calculate the efficiency for all systems and all contact resistances considered, with a global average difference between the analytical model and the numerical model of −0.07 ± 0.35 pp. Furthermore, the maximum absolute difference in efficiency between the computed efficiency and the analytical model was 1.14 pp for all materials and all contact resistances considered.
